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Abstract
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1. Introduction
In this note we give some results about uniserial modules that are not quasi-small,
specifically we are interested in direct summands of serial modules that are a direct sum
(possibly infinite) of these uniserial modules.
Let us briefly summarize some notions, for details see [4] and [2]. Throughout the paper
we consider unitary right modules over an associative ring R with unit. We say that a
module U is uniserial if its lattice of submodules is a chain. Let S = EndR(U) be an
endomorphism ring of a nonzero uniserial module U . It is known (see [4, Theorem 9.1])
that S is a semilocal ring and that two cases may occur. If S is local, we say that U is of
type 1, in the other case the right S-module S/J (S) is a direct sum of two nonisomorphic
simple S-modules and we say that U is of type 2. Uniserial modules of type 2 can be
also characterized by the existence of f,g ∈ S such that f is a monomorphism, g is an
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small if for any family {Yi}i∈I such that X is isomorphic to a direct summand of⊕i∈I Yi
there exists a finite set I0 ⊆ I such that X is isomorphic to a direct summand of⊕i∈I0 Yi .
It appears that a uniserial module U is not quasi-small if and only if it contains u ∈ U ,
uR  U such that U is isomorphic to a direct summand of (uR)(N). A module M is said
to be serial if it is a (possibly infinite) direct sum of uniserial modules. Two following
problems are of particular interest
(i) Let M be serial. Is every direct summand of M serial?
(ii) Let {Ui | i ∈ I } and {Vj | j ∈ J } be families of nonzero uniserial modules such that⊕
i∈I Ui 
⊕
j∈J Vj . Is there a bijection σ : I → J such that Ui  Vσ(i) for any i ∈ I?
In fact, by solving the first problem, we could consider only countable direct sums
of uniserial modules because any direct summand of a serial module can be decom-
posed as a direct sum of direct summands of countable direct sums of uniserial modules
[4, Corollary 2.49]. We can do also similar restriction for the second problem using
[4, Theorem 2.50], but we will not need this.
The answer to the first question is no in general. In [5] Puninski gives an example of a
pure projective module over an exceptional nearly simple chain ring that has no decompo-
sition into a direct sum of indecomposable modules. Since any finitely presented module
over a chain ring is serial, this result serves as a counterexample to (i). However, if we
consider M of finite Goldie dimension (i.e., M is finite direct sum of uniserial modules),
then any direct summand of M is serial by [8, Theorem 7].
The answer to the second problem is also negative even if we consider only finite fam-
ilies of uniserial modules [4, Example 9.20]. If we consider |I | or |J | finite, then we have
a weaker assertion called the weak Krull–Schmidt theorem (see [4, Theorem 9.13]) that
basically says that two indecomposable decompositions of a serial module of finite Goldie
dimension are unique up to two permutations. Without the assumption of |I | or |J | being
finite, the weak Krull–Schmidt theorem does not hold. We give more details in the next
section.
We can also study these problems only for some kinds of serial modules. For example, if
M is a direct sum of uniserial modules of type 1, then any two direct sum decompositions
of M have isomorphic refinements [4, Corollary 2.54] and thus any direct summand of M is
serial. From the Krull–Schmidt–Remak–Azumaya theorem we see that if one of families
in (ii) contains only uniserial modules of type 1, then we can find a bijection σ of the
desired property. In this paper we give similar results for direct sums of uniserial modules
that are not quasi-small. We prove that if M is a direct sum of uniserial modules that are
not quasi-small, then any direct summand of M is serial and if {Ui | i ∈ I }, {Vj | j ∈ J }
are families of uniserial modules that are not quasi-small such that
⊕
i∈I Ui 
⊕
j∈J Vj ,
then there is a bijection σ : I → J such that Ui  Vσ(i).
The last section of this paper is devoted to uniserial modules over right chain rings.
We describe right chain rings possessing uniserial modules that are not quasi-small. As an
application we also give a nonmodel theoretical proof of Puninski’s classification of pure
projective modules over nearly simple chain domains from [6].
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Sometimes without previous acknowledgment, we shall use the following easy but use-
ful observation.
Remark 2.1. Let U,V be uniserial right modules over a ring R. Then U  V if and only
if there is a monomorphism f :U → V and an epimorphism g :U → V . In particular, if U
is a submodule of V and there is an epimorphism g :U → V , then U  V .
Proof. This is the particular case of [4, Lemma 9.2(a)]. To prove the second statement
observe that the inclusion U ⊆ V is a monomorphism. 
Let U,V be uniserial modules. Recall that U and V have the same monogeny (epigeny)
class if and only if there are monomorphisms (epimorphisms) f :U → V and g :V → U .
In this case we write [U ]m = [V ]m ([U ]e = [V ]e). Let U be a uniserial right module over
a ring R. Let Um be the intersection of all submodules of U that are isomorphic to U .
Observe that if S ⊆ EndR(U) is the set containing all monic endomorphisms of U , then
Um =⋂f∈S Imf . The following lemma gives the basic properties of Um.
Lemma 2.2. Let U be a uniserial right module such that there is a monomorphism
f :U → U that is not an epimorphism. Then
(i) Um  U .
(ii) Let V be a submodule of U . Then [V ]m = [U ]m if and only if Um  V.
(iii) Um is the largest submodule of U that does not have the same monogeny class as U .
(iv) Let V be a uniserial module, and let f :U → V be a monomorphism. Then
f (Um) ⊆ Vm. Moreover, the equality holds if and only if [U ]m = [V ]m.
(v) Um is an invariant submodule of U .
(vi) U/Um contains no minimal submodule and (U/Um)m = 0.
Proof. (i) This is obvious.
(ii) If Um  V , then there is a monomorphism from U to V . Clearly, the inclusion
V ⊆ U is also a monomorphism, thus we have [U ]m = [V ]m. On the other hand, if
f :U → V and g :U → U are monomorphisms such that g(U) = U , then Imf ◦ g  V
and therefore Um  V .
(iii) This is an immediate consequence of (ii).
(iv) If f (U) ⊆ Vm, we are done. If Vm  f (U), then using (ii), we see that [U ]m = [V ]m
and the result follows from (iii), since f (Um) is the greatest submodule of f (U) having
the monogeny class different from V .
(v) In order to see that Um is an invariant submodule of U , it is enough to use (iv) and
the fact that any endomorphism of a uniform module can be written as a sum of at most
two monic endomorphism (if f ∈ EndR(U) is not monic, then 1 + f is monic because
1 = (1 + f ) − f has to have zero kernel, so f = (1 + f ) − 1).
(vi) We have already seen above that any submodule containing Um as a proper sub-
module contains also an isomorphic copy of U as a proper submodule. Let f :U → U be a
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such that Imf ′ = f (U)/Um. Therefore (U/Um)m = 0. 
Now let us introduce the dual notion. Let U be a uniserial module. Let T ⊆ EndR(U)
be the set of all epic endomorphisms. Define Ue =∑f∈T Kerf . Observe that u ∈ Ue if
and only if f (u) = 0 for some f ∈ T .
Lemma 2.3. Let U be a uniserial right module such that there is an epimorphism
g :U → U that is not a monomorphism. Then
(i) Ue = 0.
(ii) For any submodule V ⊆ U we have [U/V ]e = [U ]e if and only if V  Ue.
(iii) Ue is the smallest submodule of U such that U/Ue does not have the same epigeny
class as U .
(iv) Let V be a uniserial module and f :V → U an epimorphism. Then Ve ⊆ f −1(Ue)
(and also f (Ve) ⊆ Ue). Moreover, if [U ]e = [V ]e , then Ve = f −1(Ue) and Ue =
f (Ve).
(v) Ue is an invariant submodule of U .
(vi) Ue is not cyclic and (Ue)e = Ue.
Proof. (i) This is obvious.
(ii) Let V  Ue. Then there is an epimorphism f :U → U such that f (V ) = 0. Then f
induces an epimorphism h :U/V → U . Of course, there is also an epimorphism π :U →
U/V and thus [U ]e = [U/V ]e .
On the other hand, suppose that V is a nonzero submodule of U such that there is an
epimorphism h :U/V → U. Let f = h ◦ π , where π :U → U/V denotes the canonical
projection. Then V is a proper submodule of Kerf 2.
(iii) follows easily from (ii).
(iv) Suppose f −1(Ue)  Ve. Then Kerf  Ve , therefore [V ]e = [U ]e . But [U/Ue]e =
[V ]e because U/Ue  V/f −1(Ue). Hence [U ]e = [U/Ue]e, which is a contradiction
to (ii). Now suppose [U ]e = [V ]e and Ve  f−1(Ue). Then f (Ve)  Ue because
Kerf  Ve, and [U ]e = [U/f (Ve)]e . But U/f (Ve) is an epimorphic image of V/Ve and it
cannot have the same epigeny class as V , a contradiction.
(v) follows easily from (iv) and the fact that any endomorphism of a couniform module
can be written as a sum of at most two epimorphisms (if f :U → U is not an epimorphism,
then 1 + f is an epimorphism since U = Imf + Im 1 + f , so f = (1 + f ) − 1).
(vi) If 0 = u ∈ Ue , then there is an epimorphism f :U → U such that f (u) = 0. Let
v ∈ U be such that f (v) = u. Then f 2(v) = 0 and thus v ∈ Ue. Since u = 0, uR  vR.
From (iv) we have that any epimorphism f :U → U induces an epimorphism on Ue . Thus
(Ue)e = Ue . 
Let U be a nonzero uniserial module. Then Ue = 0 if and only if any epimorphism
f :U → U is an automorphism. In this case U is of type 1. Similarly, Um = U if and only
if any monomorphism g :U → U is an automorphism. In this case U is again of type 1.
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is of type 2.
Lemma 2.4. Let U be a uniserial right module of type 2. Then
(i) There is a cyclic uniserial module of type 2 having the same monogeny class as U .
(ii) There is a nonzero cyclic submodule V ⊆ U such that U/V is a module of type 2
having the same epigeny class as U .
Proof. (i) Let u ∈ U \ Um. Then, by Lemma 2.2, [uR]m = [U ]m and there is always a
monomorphism f :uR → uR that is not an epimorphism. Thus we need to find some
v ∈ U \ Um such that there is a nonmonic epimorphism h :vR → vR. Let f :U → U be
a nonmonic epimorphism. Take some v ∈ U such that f (v) /∈ Um (note that Um  f (U)).
Since Um is fully invariant by Lemma 2.2(v), v /∈ Um, and we have [vR]m = [f (v)R]m =
[U ]m. Since f (v)R is a homomorphic image of vR, there is an isomorphism g :f (v)R →
vR according to Remark 2.1. Now h = g ◦ f |vR is a nonmonic epimorphism.
(ii) The proof is dual to (i). 
Recall that an R-module M is said to be small if for every family {Ni | i ∈ I } of R-
modules and any homomorphism ϕ :M →⊕i∈I Ni there is a finite subset I0 ⊆ I such
that πiϕ = 0 for every i ∈ I \ I0. Similarly an R-module M is said to be quasi-small if
the following condition holds: Let {Ni | i ∈ I } be a family of R-modules such that M is
isomorphic to a direct summand of
⊕
i∈I Ni . Then there is a finite subset I ′ ⊆ I such that
M is isomorphic to a direct summand of
⊕
i∈I ′ Ni . Clearly any finitely generated module is
small and any small module is quasi-small. Any noncountably generated uniserial module
is small by [4, Proposition 2.45].
Let us recall some characterization of uniserial modules that are not quasi-small
from [2].
Lemma 2.5. [2, Lemma 4.5] Let U be a countably generated uniserial right module. Then
U is not quasi-small if and only if for any u ∈ U there exists a monomorphism f :U → U
such that f is not an epimorphism and f (u) = u. Thus if U is not quasi-small, then for
any u ∈ U there exists an epimorphism g :U → U such that g(u) = 0.
Proposition 2.6. Let U be a uniserial right module over a ring R. Then U is not quasi-
small if and only if Um  U = Ue and U is a countably generated module.
Proof. Let U be a uniserial module that is not quasi-small. Since it is not small, it has
to be countably generated. Any module with local endomorphism ring is quasi-small by
[4, Theorem 9.29], so U has to be of type 2 and thus Um = U . Finally, let u ∈ U and
let f :U → U be a monomorphism such that it is not an automorphism and such that
f (u) = u. Then 1 − f is an epimorphism having u in its kernel, thus Ue = U.
Now let U be a countably generated uniserial module of type 2 satisfying Ue = U.
Observe that by Lemma 2.3 U is not a finitely generated module. Let g :U → U be any
monomorphism that is not an automorphism. Let 0 = u ∈ U . Then there is an epimorphism
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Now (f + g)−1 ◦ g :U → U is a monomorphism that is not an automorphism and
(f + g)−1g(u) = u. Thus, the conclusion follows from Lemma 2.5. 
Lemma 2.7. [2, Lemma 4.5] Let U be a uniserial right module that is not quasi-small.
Then no nonzero factor of U is quasi-small.
Lemma 2.8. Let U be a uniserial right module satisfying Um  Ue . Then for any uniserial
module V such that [U ]m = [V ]m we have Vm  Ve . Moreover, Ue is a union of its proper
submodules that are isomorphic to V .
Proof. We can suppose that V is a submodule of U such that Um  V  Ue because
[V ]m = [Ue]m. Now there is an epimorphism f :U → U such that f (V ) = 0. The sub-
module W = f−1(V ) is isomorphic to V (use Remark 2.1), let g :V → W be some
isomorphism. Then Wm = Um and gf |W :W → W is an epimorphism having V (and thus
also Wm) in its kernel. Hence Wm  We.
Let X be a submodule of Ue which is a union of proper submodules of Ue that
are isomorphic to V . Suppose X = Ue. Then there is an epimorphism f :U → U such
that f (X) = 0. Now f −1(V ) is a proper submodule of Ue isomorphic to V . Since
X  f−1(V ), we have a contradiction and X = Ue. 
By the statement “weak Krull–Schmidt theorem for uniserial modules over a ring R
holds” we mean the following assertion: Let {Ui | i ∈ I } and {Vj | j ∈ J } be families of
nonzero uniserial right modules over R. Then
⊕
i∈I Ui 
⊕
j∈J Vj if and only if |I | = |J |
and there are bijections σ, τ : I → J such that [Ui]m = [Vσ(i)]m and [Ui]e = [Vτ(i)]e .
In [2, Theorems 4.8, 4.9] it was noticed that the weak Krull–Schmidt theorem for unise-
rial modules over a ring R holds if and only if any uniserial module over R is quasi-small.
The next lemma gives a criterion for the existence of uniserial R-modules that are not
quasi-small. We shall use this lemma to give a characterization of right chain rings pos-
sessing uniserial modules that are not quasi-small.
Lemma 2.9. Let R be a ring. Then the following conditions are equivalent:
(i) There is a uniserial right module over R that is not quasi-small.
(ii) There is a uniserial right module U over R such that Um  Ue .
(iii) There is a finitely generated uniserial right module U satisfying Um  Ue.
Proof. The implication (i) ⇒ (iii) is an easy consequence of Lemma 2.8 and the impli-
cation (iii) ⇒ (ii) is obvious. It remains to prove (ii) ⇒ (i). Let U be a uniserial module
satisfying Um  Ue . Let u ∈ Ue \ Um. Then there is an epimorphism f :U → U such that
f (u) = 0. We define a sequence u0, u1, . . . ∈ U such that u0 = u and f (ui) = ui−1 for any
i ∈ N. Since for any i ∈ N we have f i(ui−1) = 0 and f i(ui) = u = 0, u0R  u1R  · · · .
We set U ′ := ⋃i∈N uiR. Then f induces an epic endomorphism on U ′. Moreover,
U ′m  U ′e = U ′ because for any v ∈ U ′ there is i ∈ N such that f i(v) = 0. Thus U ′ is
not quasi-small by Proposition 2.6. 
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any u ∈ U and v ∈ U \ Um, there is an isomorphism f :U → U such that u ∈ f (v)R.
Proof. There is a monomorphism g :U → U and an epimorphism g′ :U → U such that
Img  vR and uR  Kerg′. Put f = (g + g′)−1. 
Lemma 2.11. Let U be a uniserial right module, and let V be a submodule of U satisfying
Um  V . Then Ve ⊆ Ue.
Proof. Let E be an injective envelope of U , ν :V → U be the inclusion map and
μ :V → E be some monomorphism. Let f :V → V be an epimorphism. Since E is in-
jective, there is g :U → E such that g ◦ ν = μ◦f . Now g(U) ⊆ E is an epimorphic image
of U containing an isomorphic copy of V . Thus there is a monomorphism h :U → g(U)
and g(U)  U by Remark 2.1. Now we conclude Kerf ⊆ Ue. 
3. Direct sums of uniserial modules that are not quasi-small
In [8, Theorem 7] it was shown that any direct summand of a serial module of finite
Goldie dimension is serial. In this section we will use (probably well-known) Proposi-
tion 3.1 to prove that direct summands of some serial modules of infinite Goldie dimension
are serial.
We shall very often deal with decompositions of type M = A ⊕ B =⊕i∈I Ui . Unless
otherwise stated πA, πB , πi , i ∈ I stand for canonical projections of M onto A,B,Ui ,
i ∈ I with respect to these decompositions.
Proposition 3.1. Let A be a right module over a ring R and let C be a class of R-modules.
Suppose that there is a countable family {Ai | i ∈ N} of submodules of A such that the
following conditions hold:
(i) ∑i∈NAi = A.
(ii) If A = B ⊕ B ′ is a direct sum decomposition of A and πB :A → B is the canonical
projection with respect to this decomposition, then for any i ∈ N there is some C ∈ C
such that C is a direct summand of B containing πB(Ai).
Then A is a countable direct sum of modules from C.
Proof. By the induction we prove following: For any i ∈ N0 there are direct summands
Xi,Yi of A satisfying A =⊕ji Xj ⊕ Yi , Xi ∈ C and
∑
ji Aj ⊆
⊕
ji Xj , where we
consider A0 = 0. If i = 0, we put X0 = 0, Y0 = A. Let i  1 and suppose Xj ,Yj have
been defined for any j < i. By assumption A =⊕j<i Xj ⊕ Yi−1. Let π :A → Yi−1 be
the canonical projection with respect to this decomposition. Then there is a decomposition
Yi−1 = Xi ⊕ Yi such that Xi ∈ C and π(Ai) ⊆ Xi . By hypothesis, Ai ⊆⊕ji Xj . From
condition (i), A =⊕ Xi . i∈N
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from M to N . We say that this family is summable, if for any m ∈ M there is a finite
set I0 ⊆ I such that for any i ∈ I \ I0 is fi(m) = 0. In this case the family defines a
homomorphism h :M → N given by h =∑i∈I fi .
Proposition 3.2. Let U,V be uniserial right modules over a ring R that are not quasi-
small.Then [U ]m = [V ]m if and only if U  V.
Proof. Suppose that [U ]m = [V ]m. All we have to do is to find an epimorphism
f :V → U . By Proposition 2.6, we can apply Lemma 2.8, U is a union of submodules
isomorphic to V . As U is countably generated, there is a chain X1  X2  · · ·  U such
that for any i ∈ N there is an epimorphism fi :V → Xi. The sum of these epimorphisms
induces an epimorphism ϕ :
⊕
i∈N Vi → U . Here all Vi are equal to V and ϕ(Vi) = Xi .
Since V = Ve and V is countably generated, it is possible to construct by induction ele-
ments v1, v2, . . . ∈ V and homomorphisms h1, h2, . . . such that the following conditions
are satisfied:
(i) v1, v2, . . . generate V .
(ii) For any i ∈ N, the homomorphism hi :V → Vi is an epimorphism and hi+1(vi) = 0.
(iii) For any i  2, ϕ(hi(vi)) /∈ Xi−1.
The family {hi}i∈N is a summable family of homomorphisms V →⊕i∈N Vi , since
hj (vi) = 0 whenever j > i. Let f = ϕ ◦h, where h =∑i∈N hi . By properties (ii) and (iii),
f (vi) /∈ Xi−1 for i  2. Thus f is an epimorphism and we are done. 
Corollary 3.3. Let {Ui | i ∈ I }, {Vj | j ∈ J } be families of uniserial modules such that
none of them is quasi-small. Then⊕i∈I Ui 
⊕
j∈J Vj if and only if there is a bijection
σ : I → J such that Ui  Vσ(i) for any i ∈ I .
Proof. Suppose
⊕
i∈I Ui 
⊕
j∈J Vj . By [4, Theorem 9.12], there is a bijection σ : I → J
such that [Ui]m = [Vσ(i)]m for any i ∈ I . Now the result follows from Proposition 3.2. 
Corollary 3.4. Let U be a uniserial right module that is not quasi-small. Then there exists
an epimorphism f :U → U such that U =⋃i∈NKerf i .
Proof. Since Ue = U ⊃ Um, there is an epimorphism g :U → U such that g(u0) = 0 for
some u0 ∈ U \ Um. By induction we define u1, u2, . . . ∈ U such that g(ui) = ui−1. Let
V =⋃i∈N uiR and let h :V → V be given by h = g|V . Then Vm = Um, V is countably
generated, and V =⋃i∈NKerhi , hence V = Ve . By Proposition 2.6, V is not quasi-small
and U  V by Proposition 3.2. 
Corollary 3.5. Let U be a uniserial right module over an arbitrary ring R that is not
quasi-small. Then there exist r ∈ R and elements u1, u2, . . . generating U such that for
any i ∈ N, ui+1r = ui .
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f :U → U such that Img  Kerf . Let u0 ∈ Kerf \Img. By Remark 2.1, h = f +g :U →
U is an isomorphism. There are u1, u2, . . . ∈ U such that for any i ∈ N is h(ui) = ui−1.
By induction we can also find u′1, u′2, . . . ∈ U such that for any i ∈ N f (u′i ) = u′i−1, where
u′0 = u0. It is easy to prove the following statement: For any u ∈ U and for any n ∈ N
is hn(u) ∈ f n(u) + Img. Applying this statement we get f i(ui − u′i ) ∈ Img for any
i ∈ N. Since f i−1(Img) is a proper submodule of u′iR, uiR = u′iR for any i ∈ N. Let
V =⋃i∈N u′iR. Using the same reasoning as in the previous corollary, we get from Propo-
sition 3.2 that V is not quasi-small and U  V by Proposition 2.6. Since u0R  u1R, there
is r ∈ R such that u1r = u0. Now hi−1(uir) = u1r = u0 = hi−1(ui−1) for any i ∈ N. Since
h is an isomorphism, uir = ui−1. 
The next theorem gives a positive answer to [4, Problem 16].
Theorem 3.6. Let U , V be nonzero uniserial right modules and let X be a nonempty set.
Then U(X)  V (X) implies U  V.
Proof. First suppose that U is a quasi-small nonzero module. Then U is isomorphic to a
direct summand of V (n) for some n ∈ N and, by [3, Theorem 2.7], U  V .
Now let neither U nor V be quasi-small and U(X)  V (X). By Corollary 3.3, U  V .
Corollary 3.3 raises a question whether the class of direct sums of uniserial modules
that are not quasi-small is closed under direct summands. We shall prove that the answer
is positive.
Proposition 3.7. Let Ui , i ∈ N be uniserial right modules that are not quasi-small and of
the same epigeny class. Suppose A⊕B =⊕i∈NUi. Then for any i ∈ N and for any u ∈ Ui
the element πA(u) is contained in a uniserial direct summand of A.
Proof. Let u ∈ Ui be such that 0 = πA(u). Let X = πA(Ui). Since X is a uniform module,
there is j ∈ N such that πj |X is a monomorphism. Observe that X is a nonzero factor of Ui ,
thus it is not a quasi-small module by Lemma 2.7. Moreover, by Lemma 2.3(ii), X has the
same epigeny class as Ui . We want to find a uniserial module V ⊆ A such that πA(u) ∈ V ,
πj (V ) = πj (A). We distinguish three cases.
If πj (X) = πj (A), we simply put V = X.
If there is k ∈ N, k = j such that πjπA(Uk) = πj (A), then, since (Uk)e = Uk and
[X]e = [Uk]e, we find an epimorphism g :X → Uk such that g(πA(u)) = 0 by Lemma 2.5.
Let us consider submodule V ′ = {x+g(x) | x ∈ X} ⊆⊕l∈NUl . Let V = πA(V ′). Observe
that V is a nonzero homomorphic image of X containing πA(u) and if πj (X) = πj (A),
then πj (A) = πjπA(Uk) = πj (V ) because πjπA(v)R = (πjπA(v) + πj (x))R for any
x ∈ X and v ∈ Uk such that πjπA(v) /∈ πj (X).
Finally, suppose we have a sequence i1, i2, . . . ∈ N of pairwise different elements such
that πj (πA(Ui ))  πj (πA(Ui ))  · · · and⋃ πjπA(Ui ) = πj (A). We can construct a1 2 k∈N k
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are satisfied:
(i) u1, u2, . . . are generators of X, πA(u) ∈ u1R, and u1R  u2R  · · · .
(ii) For any l ∈ N homomorphism fl :X → Uil+1 is an epimorphism such that fl(ul) = 0
and πjπA(fl(ul+1)) /∈ πjπA(Uil ).
To construct these sequences we proceed by induction. Again, we use that for any k ∈ N
and for any x ∈ X there is an epimorphism f :X → Uk such that f (x) = 0. Let {v1, v2, . . .}
be some countable set of generators of X. Let u1 be any element of X \ (πA(u)R + v1R)
and let f1 :X → Ui2 be any epimorphism such that f1(u1) = 0. Suppose fl, ul have been
defined for l ∈ N. Then there is ul+1 ∈ X such that πjπA(fl(ul+1)) /∈ πjπA(Uil ) and
vl+1R ⊆ ul+1R. Let fl+1 :X → Uil+2 be an epimorphism such that fl+1(ul+1) = 0.
Now let V ′ = Imh, where h :X → ⊕i∈NUi is given by h = 1X +
∑
l∈N fl and
V = πA(V ′). Again V is an epimorphic image of X containing πA(u). By the con-
struction, πj (V ) = πjπA(V ′) = πj (A). To show the last equality, note that πjπAh(ul) /∈
πjπA(Uil−1) if πj (X) ⊆ πjπA(Uil−1).
Now πj |A :A → πj (A) gives a homomorphism inducing an isomorphism V → πj (A)
because πA(u) ∈ V and πj |πA(u)R is a monomorphism. Therefore A = V ⊕ Kerπj |A. 
Corollary 3.8. Let |I | ℵ0 and Ui , i ∈ I be uniserial right modules of the same epigeny
class and suppose that none of them is quasi-small. Then any direct summand of⊕i∈I Ui
is serial.
Proof. If I is a finite set, then we use [8, Theorem 7]. Let us assume now that I = N. Let⊕
i∈NUi = A ⊕ B and let πA be the canonical projection with respect to this decomposi-
tion. Since all Ui are countably generated, there is a countable set of generators of A of the
form πA(u), u ∈ Ui . If A = C ⊕D is a decomposition of A and πC :A → C is a canonical
projection with respect to this decomposition, then πCπA(u) is a projection of u onto C
with respect to decomposition C ⊕ D ⊕ B =⊕i∈NUi . By Proposition 3.7, πCπA(u) is
contained in a uniserial direct summand of C. Now we can use Proposition 3.1 taking for
C the class of uniserial modules. 
Let E be the set of epigeny classes of all uniserial right modules over an arbitrary ring
R that are not quasi-small. We say that [U1]e  [U2]e if there is a submodule V2 ⊆ U2
and an epimorphism f :V2 → U1. Observe that this definition does not depend on the
representatives of [U1]e, [U2]e chosen.
Lemma 3.9. The relation  is a partial ordering on the set E. If U,V are uniserial right
modules such that neither U nor V is quasi-small and if there is a nonzero homomorphism
f :U → V , then [U ]e  [V ]e .
Proof. Let us suppose that there are submodules U0 ⊆ U and V0 ⊆ V and epimorphisms
f :U0 → V and g :V0 → U . Let U ′ = f −1(V0) ⊆ U0. Then the composition gf induces
an epimorphism of U ′ onto U and thus U ′  U and [U0]m = [U ]m. In the similar way
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of modules U ′,V ′ that are not quasi-small, they are not quasi-small by Lemma 2.7, and
U0  U and V0  V by Proposition 3.2. Then [U ]e = [V ]e .
Suppose that f :U → V is nonzero. Then f (U) is a submodule of V of the same
epigeny class as U and thus [U ]e  [V ]e. 
Remark 3.10. It is possible to use [1, Theorem 5.5] at this point. We present another
approach here because it seems to give a bit better idea of direct summands of considered
modules in this particular case.
Proposition 3.11. Let Ui , i ∈ N be uniserial right modules that are not quasi-small.
Suppose A ⊕ B =⊕i∈NUi . Then for any a ∈ A there is a serial direct summand of A
containing a.
Proof. Let X = {[Ui]e | i ∈ N} and for any x ∈ X let Mx =⊕[Ui ]e=x Ui . For a subset
Y ⊆ X we put MY =⊕[Ui ]e∈Y Ui , AY = πA(MY ), BY = πB(MY ). If Y ⊆ X is a non-
empty set satisfying y  x ⇒ x ∈ Y whenever x ∈ X, y ∈ Y (we shall say that Y has the
property (∗)), then we have MY = AY ⊕ BY (observe that by Lemma 3.9 MY is an in-
variant submodule of M). In particular, AY is a direct summand of A and BY is a direct
summand of B . Precisely, A = AY ⊕A′ and B = BY ⊕B ′, where A′ = A∩ (BY ⊕MX\Y )
and B ′ = B ∩ (AY ⊕ MX\Y ). If Y  X is a nonempty set satisfying (∗), then A′ ⊕ B ′
and MX\Y are both complements of AY ⊕ BY = MY in M . Therefore the canonical pro-
jection πX\Y :M → MX\Y with respect to decomposition M = MY ⊕ MX\Y induces an
isomorphism of A′ ⊕ B ′ onto MX\Y .
Now we are ready to prove the proposition. Let a be a nonzero element of A. There is
a unique decomposition a = ae1 + · · · + aek , where 0 = aei ∈ Mei and e1, . . . , ek are pair-
wise different elements of X. We proceed by induction on k. Without a loss of generality
we can suppose that ek is a maximal element of {e1, . . . , ek}. If ek is not a maximal element
of X, we make the following modification: Let Y = {x ∈ X | x > ek}. Then Y is a proper
nonempty subset of X satisfying (∗). Thus A = AY ⊕ A′, where A′ = A ∩ (BY ⊕ MX\Y ).
Similarly B = BY ⊕ B ′ and the restriction of πX\Y on A′ ⊕ B ′ gives an isomorphism
of A′ ⊕ B ′ and MX\Y . Observe that a ∈ A′ and a = πX\Y (a). Now it is enough to find a
serial direct summand of πX\Y (A′) containing a, where MX\Y = πX\Y (A′) ⊕ πX\Y (B ′)
and ek is a maximal element of X \ Y .
Thus we can suppose that ek is a maximal element of X. Using this assumption,
Y ′ = {ek} has the property (∗). Therefore AY ′ ⊕ BY ′ = Mek and by Corollary 3.8 AY ′
is serial. If k = 1, we are done since a ∈ AY ′ . Also there are A′′ ⊆ A,B ′′ ⊆ B such that
A = A′′ ⊕ AY ′ and B = B ′′ ⊕ BY ′ . Let a = a′′ + aY ′ , where a′′ ∈ A′′ and aY ′ ∈ AY ′ . Pro-
jection πX\Y ′ induces an isomorphism of A′′ ⊕ B ′′ and MX\Y ′ . Observe that πX\Y ′(a′′) =
ae1 + · · · + aek−1 because πX\Y ′(a) = πX\Y ′(a′′), so by the induction step on decomposi-
tion MX\Y ′ = πX\Y ′(A′′)⊕πX\Y ′(B ′′) and element πX\Y ′(a′′), we get that there is a serial
direct summand S of A′′ containing a′′. Then AY ′ ⊕ S is a serial direct summand of A
containing a. 
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quasi-small. Let M = A⊕B be a direct sum decomposition of M . Then there is a partition
I = I0 ∪ I1 such that A ⊕i∈I0 Ui and B 
⊕
i∈I1 Ui . Moreover, any two direct sum
decompositions of A into indecomposable right modules are isomorphic.
Proof. First of all let us prove that there is no nonzero uniserial direct summand of M that
is quasi-small. If U is a nonzero quasi-small uniserial direct summand of M , then U is
isomorphic to a direct summand of
⊕
F Ui , where F ⊆ I is finite. By [4, Proposition 9.7],[U ]e = [Ui]e for some i ∈ F , a contradiction to Lemma 2.7.
Now it remains to prove that A is serial. The rest follows easily from Corollary 3.3. If I
is a finite set, then A is serial by [8, Theorem 7]. If I is infinite, then by [4, Corollary 2.49]
(and its proof) A can be decomposed as a direct sum of direct summands of a countable
direct sum of uniserial modules that are not quasi-small. Thus we can assume that I is
countable. Then A is a countably generated module and, by Propositions 3.11 and 3.1, A is
serial. 
4. Uniserial modules that are not quasi-small over right chain rings
In this section we illustrate our results in the particular case of right chain rings. Recall
that a ring is called a right chain ring if the module RR is uniserial. Thus for any right
ideal I ⊆ R we have a cyclic uniserial module R/I and, of course, all cyclic right mod-
ules are uniserial. First we give an extension of the uniqueness part of Puninski’s result
[4, Theorem 9.19].
Lemma 4.1. Let R be a right chain ring and U,V be cyclic right modules. If u ∈ U = uR,
v ∈ V = vR, then there is an epimorphism f :U → V such that f (u) = v or there is an
epimorphism g :V → U such that g(v) = u.
Proof. There are right ideals I, J ⊆ R and isomorphisms α :U → R/I , β :V → R/J such
that α(u) = 1+I and β(v) = 1+J . If I ⊆ J , then there is an epimorphism π :R/I → R/J
sending 1 + I to 1 + J. Then we put f = β−1πα. If J ⊆ I , we define the map g in the
same way. 
Proposition 4.2. Let Ui,Vj , i ∈ I , j ∈ J be nonzero cyclic right modules over a right
chain ring R. Then
⊕
i∈I Ui 
⊕
j∈J Vj if and only if there is a bijection σ : I → J such
that Ui  Vσ(i) for every i ∈ I .
Proof. By [4, Theorem 9.12], there is a bijection σ : I → J such that [Ui]m = [Vσ(i)]m.
By Lemma 4.1, there is always an epimorphism from Ui to Vσ(i) or from Vσ(i) to Ui , so
Ui  Vσ(i) by Remark 2.1. 
By [5] there is a nonserial direct summand of a direct sum of cyclic modules over an
exceptional nearly simple chain ring. Thus we cannot hope to give an analogy of Theo-
rem 3.12 for the class of direct sums of cyclic uniserial modules over a right chain ring.
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small. For this reason we want to compute Um,Ue of a cyclic uniserial module.
Lemma 4.3. Let R be a right chain ring and let I be a proper right ideal of R. Then
(R/I)e = RI/I .
Proof. Since R is projective, the lemma is clearly true for I = 0. Let x ∈ R \ J (R) and
suppose xI ⊆ I . Then left multiplication of x−1 induces an epimorphism f :R/I → R/I .
For any i ∈ I we have xi + I ∈ Kerf and thus RI/I ⊆ (R/I)e (note that any element
of R can be written as a sum of at most two invertible elements). On the other hand, any
epimorphism g :R/I → R/I is induced by a left multiplication on R by some invertible
element. Thus if r + I ∈ (R/I)e , then xr ∈ I for some x ∈ R \ J (R) and r ∈ RI . 
Lemma 4.4. Let R be a right chain ring and let I be a nonzero proper right ideal. Then
any monomorphism f :R/I → R/I is induced by left multiplication of r ∈ R such that
rI = I . Hence, (R/I)m = P/I , where P =⋂rI=I rR.
Proof. Any endomorphism of R/I is induced by left multiplication of some element r ∈ R
satisfying rI ⊆ I . Suppose rI = I , then r.ann(r)  I since we suppose I nonzero. If
rs ∈ I , then r(s − i) = 0 for some i ∈ I and s ∈ I follows. On the contrary suppose that
left multiplication of r induces a monomorphism f :R/I → R/I and that rI  I , then
rI  I  rR and therefore rs ∈ I for some s ∈ R \ I . But s + I ∈ Kerf , and we get a
contradiction. Now (R/I)m = P/I by definitions. 
Lemma 4.5. Let R be a right chain ring and let x ∈ J (R) be such that I = RxR = I 2.
Then there are s ∈ I and r ∈ R∗ such that sx = xr .
Proof. By assumptions there exist r1, r2, t ∈ R such that x = r1xr2xt . If t ∈ R∗, we just
put s = r1xr2 and r = t−1. If t ∈ J (R), then 1 − t ∈ R∗ and r1xr2x(1 − t) = r1xr2x − x =
(r1xr2 −1)x. Now r3 = r1xr2 −1 is invertible and we have r−13 r1xr2x = x(1− t)−1. Then
we set s = r−13 r1xr2 and r = (1 − t)−1. 
Proposition 4.6. Let R be a right chain ring. Then there is a uniserial right module over
R that is not quasi-small if and only if there is 0 = x ∈ J (R) such that the ideal RxR is
idempotent.
Proof. First suppose that the ideal I = RxR is idempotent for some 0 = x ∈ J (R). By
Lemma 4.5, there exist s ∈ I and r ∈ R∗ such that sx = xr and consequently sxR = xR.
Thus (R/xR)m ⊆ sR/xR. But sR  I because I = II ⊆ IJ (R) ⊆ I and I cannot be
finitely generated as a right ideal. Thus we have (R/xR)m ⊆ sR/xR  I/xR = (R/xR)e .
Now we can use Lemma 2.9.
To prove the converse let us suppose the existence of a uniserial module over R that
is not quasi-small. By Lemma 2.9, there is a right ideal I such that (R/I)m  (R/I)e =
RI/I. Clearly, I is not a two-sided ideal. Let y ∈ RI \I and consider the canonical epimor-
phism π :R/I → R/yR. Since y ∈ RI , [R/I ]e = [R/yR]e and π−1((R/yR)e) = (R/I)e
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such that xs ∈ I if and only if s ∈ I . Since x2 /∈ I , we have RI ⊇ RxRxR ⊇ Rx2R = RI
and therefore (RxR)2 = RxR. 
In [6] a classification of pure projective modules over a nearly simple chain domain was
given. Later, Puninski [7, Question 6.8] asked for a proof of this classification inside the
ring theory. Proposition 4.8 brings such a proof (there is one hidden result by Bass, but
there is no use of the model theory).
First, let us recall some facts about nearly simple chain rings. We say that R is a nearly
simple chain ring if the right R-module RR and the left R-module RR are uniserial, there
are exactly three two-sided ideals 0, J (R),R, and J (R)2 = J (R). The following propo-
sition collects some facts about pure projective modules over nearly simple chain rings
proved in [6]. Recall that a module is called pure projective if it is a direct summand of a
direct sum of finitely presented modules (more usual definition is that M is pure projective
if and only if HomR(M,−) is exact on pure exact sequences).
Proposition 4.7. Let R be a nearly simple chain ring.
(i) If x, y are nonzero elements of J (R), then R/xR  R/yR.
(ii) Any pure projective module over R is isomorphic to a direct summand of R(X) ⊕
(R/xR)(Y ), where 0 = x ∈ J (R).
(iii) Let 0 = x ∈ J (R). Then (R/xR)e = J (R)/xR and (R/xR)m = 0.
Proof. (i) By Lemma 4.3, (R/xR)e = (J (R)/xR) and (R/yR)e = (J (R)/yR), hence
[R/xR]e = [R/yR]e . If x = ty for some t ∈ R, then left multiplication of t induces a
monomorphism from R/yR to R/xR, if y = tx for some t ∈ R, then there is a monomor-
phism from R/xR to R/yR. In all circumstances R/xR  R/yR. See also [6, Corol-
lary 4.3].
(ii) By [4, Theorem 3.29], any finitely presented module over a chain ring R is iso-
morphic to a finite direct sum of modules of type R/rR, r ∈ R. Now the result follows
from (i).
(iii) It remains to prove that any nonzero cyclic submodule of R/xR is isomorphic to
R/xR. Observe that R/I can be embedded into R/xR if and only if sI = xR for some
s ∈ R. If I is not cyclic, then xR = sI = sIJ (R) = xJ (R) and that is impossible for x = 0.
Thus any nonzero cyclic submodule of R/xR has to be isomorphic to R/xR by (i). 
By Propositions 4.6 and 3.2, there is unique uniserial module V such that V is not
quasi-small and [V ]m = [R/rR]m for some (any) 0 = r ∈ J (R). By [2, Theorem 4.9],
V is a direct summand of R/rR(ω), hence it is pure projective. Now we are ready to give
the promised proof:
Proposition 4.8. [6, Proposition 6.2] Let R be a nearly simple chain domain. Then any pure
projective module over R is isomorphic to F ⊕U(I) ⊕V (J ), where F is a free module, U is
the (unique) nonzero cyclic finitely presented module that is not free and V is the (unique)
uniserial module over R that is not quasi-small such that [U ]m = [V ]m.
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into a direct sum of direct summands of R(ω) ⊕ U(ω). Thus it is enough to classify direct
summands of this module.
Now let M = A ⊕ B = U(ω) ⊕ R(ω). Since R is a domain and every element of U is
torsion, we see that there is no nonzero homomorphism from U to R. Thus U(ω) is an
invariant submodule of M . Let A1 = πA(U(ω)), B1 = πB(U(ω)), then U(ω) = A1 ⊕B1 and
there are A2 ⊆ A, B2 ⊆ B such that A = A1 ⊕A2 and B = B1 ⊕B2. Since A2 ⊕B2  R(ω)
and R is a local ring, A2 has to be free. It remains to check the decomposition A1 ⊕ B1 
U(ω). By [3, Proposition 2.9], A1 = A′1 ⊕A′2, where A′1 is a direct sum of copies of U and
A′2 has no maximal submodule. Thus it remains to prove the following claim: Any nonzero
direct summand of U(ω) that has no maximal submodule is isomorphic to a direct sum of
copies of V .
Let X⊕Y = U(ω) =⊕i∈NUi and let X has no maximal submodule. Let Vj = πj (X) ⊆
Uj . Suppose Vj = 0. Since Vj cannot be cyclic and πj (X) =∑k∈N πjπX(Uk), Vj is a
countable union of its cyclic submodules. By Lemma 2.11, (Vj )e = Vj (all nonzero sub-
modules of Vj have the same monogeny class because Um = 0) and we conclude that Vj
is not quasi-small and it has the same monogeny class as U , thus V  Vj . Therefore X is
isomorphic to a direct summand of V (ω) and we conclude by Corollary 3.8 and Proposi-
tion 3.2. 
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